Let G be a c-chromatic multigraph (c >t 2) with maximum edge multiplicity s. In this note we show that G has an embedding as an induced subgraph, into some degree irregular c-chromatic multigraph having the same maximum edge multiplicity.
I. Introduction
A (multi)graph is, respectively, called regular or irregular if its degrees are all equal or all distinct. A problem analogous to the one of K6nig (see [4] ) of embedding any graph into some regular graph was posed by G. Chartrand, namely, embedding any graph into some irregular graph. Since the only irregular graph is the single isolated vertex, it is only natural to pose the question for multigraphs. The maximum edge multiplicity of a multigraph G is denoted by s(G); G is simple (i.e. a graph) if s(G) = 1. For convenience, we will refer to multigraphs as graphs. In [1] , as a first result on degree irregular embeddings, the following theorem was proved: for any graph G with s(G) >1 2, there is an irregular graph H with s(H) = s(G) which contains G as an induced subgraph. It was also mentioned (without proof) that if G is bipartite, then there exists a bipartite H with this property. Here we give the proof of this result extended to c-partite (i.e. x(G) = x(H) = c) graphs for arbitrary c >1 2 (Theorem 3).
The embedding of a graph G into an irregular one with the required properties is done here in two steps. First G is embedded into an equipartite regular graph, then we give the embedding of that regular graph into an irregular one. In the proof, we extend some irregular labeling techniques used in [2] for regular simple graphs. In particular, we show that there exist irregular c-partite graphs with maximum edge multiplicity 2 and containing large complete simple c-partite graphs (Theorem 1). In a companion paper ([3]), a similar embedding result is obtained for r-uniform hypergraphs using methods significantly different from those in this note.
Embeddings of graphs
A (multi)graph is called c-partite if its vertex set has a partition into c classes such that all edges join vertices from distinct partition classes. Let us call a c-partite graph with n vertices in each class a (c x n)-graph. A c-partite graph is called complete if between every pair of vertices from distinct partition classes there is at least one edge of the graph.
Theorem 1. For any integers t >~ 1, c/> 2, there exists an irregular c-partite multigraph with s(G) = 2 and containing a complete simple (c x t )-graph.
Proof. We prove the theorem by giving a construction in three steps. The weighting on a simple graph is a multigraph obtained by assigning positive integers as multiplicities to its edges.
Step 1 Step 2. For w = 1 or 2, let Bt(w) be a complete bipartite multigraph with 2t elements in each bipartition class, U and V, and with edge multiplicities shown by the 2t x 2t adjacency matrix in Fig. 1 (w + 1 in the diagonal and below, w above) . Observe that the degrees in each bipartition class are the 2t consecutive integers starting from 2tw + 1. Also notice that the upper right corner defines a complete t by t bipartite subgraph of Bt(w) with all edges having multiplicity w. 
.. 2tdo(u) + 2t, where do(u) is the degree of u in Gc(O). Since all vertices of Go(O)
have distinct degrees, the degree sets assigned to U, are pairwise disjoint. Hence Gc(t) is irregular. Observe that s(Gc(t))= 3. By the remark concluding Step 2, the graph Bt(2) induced by Y1 u X2 contains a complete bipartite graph with edge multiplicities two. Thus, in the subgraph of G~(t) induced by the sets corresponding to the vertices of K~ there is a (c x t)-graph K~(t) with all edges having multiplicity two.
To prove the theorem, take a copy of G~(t) and reduce its (positive) edge multiplicities by one. Since every vertex of Gc(t) has exactly 2t(2c-2) neighbors, each weight decreases by the same amount. Thus we obtain an irregular (not complete) c-partite graph G~(t) having s(Gc(t)) = 2. By the remark in step 3, Kc(t) now becomes a complete simple (c x t)-subgraph of (~(t). This concludes the proof of the theorem. [] Notice that for t = 1 and c ~> 2, one may use Go(0) in the role of Gc(1) in the proof of Theorem 1. Indeed, after decreasing all positive edge multiplicities of Gc(O), one obtains a simple c-clique in (~c(0). As an example, Fig. 2 shows the adjacency matrix of G4(0), where encircled elements become the adjacency submatrix of the complete simple subgraph of G4(0) induced by { yl, X2, X3, X4 }" Fig. 3 shows an example of the construction in the proof of Theorem 1, for c = 4 and t = 2. In the adjacency matrix of (~4(2) encircled elements define the adjacency submatrix of a complete simple (4 x 2)-graph of G4(2). 37  38  39  40  16  15  14  13  33  34  35  36  20  19  18  17  29  30  31  32  24  23  22  21  28  27  26 
